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Abstract
The current status of the theoretical precision for the Bhabha luminometry is critically
reviewed and pathways are outlined to the requirement targeted by the FCC-ee precision
studies. Various components of the pertinent error budget are discussed in detail – starting
from the context of the LEP experiments, through their current updates, up to prospects
of their improvements for the sake of the FCC-ee. It is argued that with an appropriate
upgrade of the Monte Carlo event generator BHLUMI and/or other similar MC programs
calculating QED effects in the low angle Bhabha process, the total theoretical error of
0.01% for the FCC-ee luminometry can be reached. A new study of the Z and s-channel
γ exchanges within the angular range of the FCC-ee luminometer using the BHWIDE Monte
Carlo was instrumental in obtaining the above result. Possible ways of BHLUMI upgrade are
also discussed.
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1 Introduction
The current status of the theoretical precision for the Bhabha luminometry is critically reviewed
and pathways are outlined to the requirement targeted by the FCC-ee precision studies. Various
components of the pertinent error budget are discussed in detail – starting from the context of
the LEP experiments, through their current updates, up to prospects of their improvements for
the sake of the FCC-ee. It is argued that, with an appropriate upgrade of the Monte Carlo event
generator BHLUMI and/or other similar MC programs calculating QED effects in the low angle
Bhabha (LABH) process e−e+→ e−e+, the total theoretical error of 0.01% for the luminometry
at the high luminosity FCC-ee machine [1] can be reached. Possible ways of this upgrade are
also discussed.
In Section 2 we recap the main aspects of the theoretical precision in the LEP luminosity
measurement and present important components of the corresponding error budget. In Section 3
we present current improvements on some of the above components. In Section 4 we discuss in
detail prospects on reaching the 0.01% theory precision for the FCC-ee luminometry and outline
ways of upgrading the main Monte Carlo program for this purpose, BHLUMI, in this respect. In
Section 5 the important issue of technical precision is addressed. Finally, in Section 6 we briefly
summarize our work.
2 Theoretical uncertainty in LEP luminometry, A.D. 1999
Let us recapitulate the essential aspects of the theory (mainly QED) uncertainty in the LEP
luminometry, as seen A.D. 1999. Luminosity measurements of all four LEP collaborations at
CERN and also of SLD at SLAC relied on theoretical predictions for the low-angle Bhabha
process obtained using the BHLUMI Monte Carlo multiphoton event generator featuring a so-
phisticated QED matrix element with soft photon resummation. Its version 2.01 was published
in 1992 (see ref. [2]) and the upgraded version 4.04 was published in ref [3].
LEP1 LEP2
Type of correction/error 1996 1999 1996 1999
(a) Missing photonic O(α2) [4, 5] 0.10% 0.027% 0.20% 0.04%
(b) Missing photonic O(α3L3e) [6] 0.015% 0.015% 0.03% 0.03%
(c) Vacuum polarization [7, 8] 0.04% 0.04% 0.10% 0.10%
(d) Light pairs [9, 10] 0.03% 0.03% 0.05% 0.05%
(e) Z and s-channel γ [11, 12] 0.015% 0.015% 0.0% 0.0%
Total 0.11% [12] 0.061% [13] 0.25% [12] 0.12% [13]
Table 1: Summary of the total (physical+technical) theoretical uncertainty for a typical calori-
metric detector. For LEP1, the above estimate is valid for a generic angular range within 1◦–3◦
(18–52 mrads), and for LEP2 energies up to 176 GeV and an angular range within 3◦–6◦. Total
uncertainty is taken in quadrature. Technical precision included in (a).
The theoretical uncertainty of the BHLUMI Bhabha prediction, initially rated at 0.25% [14],
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was re-evaluated in 1996 after extensive tests and debugging to be 0.16% [15]. From that time,
the code of BHLUMI version 4.04 used by all LEP collaborations in their data analysis remains
frozen. The following re-evaluation of its precision came from investigations using external
calculations outside the BHLUMI code. For instance, the 0.11% estimate of ref. [12] was based
on better estimations of the QED corrections missing in BHLUMI and on improved knowledge of
the vacuum polarization contribution. The detailed composition of the final estimate of the the-
oretical uncertainty δσ/σ' 0.061% of the BHLUMI 4.04 prediction, based on published works,
is shown in Table 1, following ref. [13]. This value was used in the final LEP1 data analysis in
ref. [16]. On the other hand, at LEP2 the experimental error was substantially larger than the
QED uncertainty of the Bhabha process listed in Table 1, where we define Le = ln(|t|/m2e).
All four LEP collaborations were quoting the experimental luminosity errors for LEP1 data
below 0.05%, that is below the theoretical error. The best experimental luminosity error 0.034%
was quoted by the OPAL collaboration1 – they also quoted a slightly smaller theory error,
0.054%, thanks to use of improved light-fermion-pair calculations of refs. [18, 19]; see also the
review article [20] and workshop presentations [21, 22].
3 Present status (2018)
From the end of LEP until the present time there has been limited progress on practical cal-
culations for low-angle Bhabha scattering at energies around and above the Z resonance2.
A new Monte Carlo generator BabaYaga based on the parton shower algorithm was devel-
oped [20, 23–25]. It was intended mainly for low energy electron–positron colliders with√
s6 10 GeV, claiming precision at 0.1%, but was not validated for energies near the Z peak.
There was, however, a steady improvement in the precision of the vacuum polarization in
the t-channel photon propagator; see the recent review in the FCC-ee workshop [26]. Using the
uncertainty δ∆(5)had. = 0.63 ·10−4 at
√−t = 2GeV quoted in Ref. [27] one obtains δσ/σ = 1.3 ·
10−4. It is shown in the second column in Table 2, marked ”Update 2018”. The improvement
of the light-pair corrections of refs. [18, 19] is also taken into account there.
The important point is that the technical precision, which is marked in parentheses as
0.027%, is not included in the sum, because according to ref. [12] it is included in the un-
certainty of the photonic corrections. Future reduction of the photonic correction error will
require a clear separation of the technical precision from other uncertainties and it may turn out
to be a dominant one.
4 Path to 0.01% precision for FCC-ee
In the following we shall describe what steps are needed on the path to the ≤ 0.01% precision
required for the low-angle Bhabha (LABH) luminometry at the FCC-ee experiments. The last
1The OPAL collaboration has found all their experimental distributions for low-angle Bhabha data to be in a
striking agreement with the BHLUMI Monte Carlo simulation [17].
2This is in spite of a considerable effort on the O(α2) so-called ”fixed-order” (without resummation) QED
calculations for the Bhabha process; see below for more discussion.
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Type of correction / Error 1999 Update 2018
(a) Photonic O(Leα2) 0.027% [5] 0.027%
(b) Photonic O(L3eα3) 0.015% [6] 0.015%
(c) Vacuum polariz. 0.040% [7, 8] 0.013% [26]
(d) Light pairs 0.030% [10] 0.010% [18, 19]
(e) Z and s-channel γ exchange 0.015% [11, 12] 0.015%
(f) Up-down interference 0.0014% [28] 0.0014%
(f) Technical Precision – (0.027)%
Total 0.061% [13] 0.038%
Table 2: Summary of the total (physical+technical) theoretical uncertainty for a typical calori-
metric LEP luminosity detector within the generic angular range of 18–52mrad. Total error is
summed in quadrature.
column in Table 3 summarizes this goal component-by-component in the precision forecast for
the FCC-ee luminometry. We will also specify all improvements in the next version BHLUMI
which could bring us to the FCC-ee precision level.
Type of correction / Error Update 2018 FCC-ee forecast
(a) Photonic [O(Leα2)] O(L2eα3) 0.027% 0.1×10−4
(b) Photonic [O(L3eα3)] O(L4eα4) 0.015% 0.6×10−5
(c) Vacuum polariz. 0.014% [26] 0.6×10−4
(d) Light pairs 0.010% [18, 19] 0.5×10−4
(e) Z and s-channel γ exchange 0.090% [11] 0.1×10−4
(f) Up-down interference 0.009% [28] 0.1×10−4
(f) Technical Precision (0.027)% 0.1×10−4
Total 0.097% 1.0×10−4
Table 3: Anticipated total (physical+technical) theoretical uncertainty for a FCC-ee luminosity
calorimetric detector with the angular range being 64–86mrad (narrow), near the Z peak. De-
scription of photonic corrections in square brackets is related to the 2nd column. The total error
is summed in quadrature.
Before coming to the details of the envisaged improvements in QED calculations for the
LABH process, let us recapitulate briefly basic features of the LABH luminometry which have
to be kept in mind in QED perturbative calculations for FCC-ee. First of all, the largest photonic
QED effects due to multiple real and virtual photon emission are strongly cut-off dependent.
Event acceptance of the LABH luminometer is quite complicated, and cannot be dealt with
analytically, hence a Monte Carlo implementation of QED perturbative results is mandatory.
The LABH detector at FCC-ee will be similar to that of LEP, with calorimetric detection of
electrons and photon (not distinguishing them) within the angular range (θmin,θmax) on opposite
sides of the collision point [29]. The detection rings are divided into small cells and the angular
range on both sides is slightly different in order to minimize QED effects. The angular range at
FCC-ee is planned to be 64–86mrads (narrow) [29] while at LEP it was typically 28–50mrads
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(narrow range, ALEPH/OPAL silicon detector); see Fig. 2 in ref. [15] (also Fig. 16 in ref. [30])
for an idealized detection algorithm of the generic LEP silicon detector. The average t-channel
transfer near the Z resonance will be |t¯|1/2 = 〈|t|〉1/2' 3.25 GeV at FCC-ee instead of 1.75 GeV
at LEP.3 The important scale factor controlling photonic QED effects, γ = αpi ln
|t¯|
m2e
= 0.042 for
FCC-ee, that is only slightly greater than 0.039 for LEP. On the other hand, the factor x = |t|/s
suppressing s-channel contributions will be 1.27× 10−3, significantly larger than 0.37× 10−3
for LEP.
Finally, let us remark that the process e+e−→ 2γ is also considered for FCC-ee luminome-
try, see refs. [20, 31] for more discussion on the QED radiative corrections to this process.
4.1 Photonic higher-order and subleading corrections
Photonic corrections (items (a) and (b) in Table 2) are large but they are mainly due to collinear
and soft singularities which are known in QED at any perturbative order, hence can be re-
summed. The cross section of the the LABH luminometer is highly sensitive to emission of
real soft and collinear photons. Even relatively soft collinear photon emission in the initial state
(ISR) may pull final electrons outside the acceptance angular range, while final-state photons
can easily change the shape of the final state “calorimetric cluster”. This is why resummation
of the multiple photon effects has to be implemented in an exclusive way, using the method of
exclusive exponentiation (EEX), as in BHLUMI [3], or using the parton shower (PS) method as
in BabaYaga [23]. It was shown [32] that, for instance, the so-called “fixed-order” O(α2) cal-
culations without resummation4 are completely inadequate for the LABH luminometry, leaving
out uncontrolled QED effects of the order ∼ 0.5% in the angular distribution, and even a few
percent in some other important distributions.
Assuming that the technical precision is dealt with separately (see the discussion in the fol-
lowing Section 5), item (a) in Table 2, missing in BHLUMI v. 4.04, scales like Le = ln(|t|/m2e),
where t is the relevant squared momentum transfer. However, this item will disappear from
the error budget completely once the EEX matrix element of BHLUMI is upgraded to include
O(Leα2) contributions, which are already known and published. In fact, these O(Leα2) correc-
tions consist of 2-real photon contributions, 1-loop corrections to 1-real emission and 2-loop
corrections. Efficient numerical and analytic methods of calculating the exact O(α2) matrix
element (spin amplitudes) for 2 real photons, keeping fermion masses, have been known for
decades; see refs. [35, 36]. In ref. [37] exact 2-photon amplitudes were compared with the
matrix element of BHLUMI.
Truly pioneering work on O(Leα2,L0eα2) virtual corrections to 1-photon distributions was
done in ref. [4]. These were calculated neglecting interference terms between e+ and e− lines,
which near the Z peak are of the order of
(α
pi
)2 |t|
s Le ∼ 10−7 times some logarithm of the cut-off.
Let us note in passing that we know from the s-channel analog in [38] that the pure O(Leα2)
correction of this class (neglecting the O(L0eα2) term) is amazingly compact – it consists of
merely a 3-line formula at the amplitude level. Let us add for completeness that the above
3At 350GeV, the FCC-ee luminometer will have |t¯|= 12.5GeV.
4For instance, see the calculations of refs. [33, 34].
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correction was also calculated numerically in ref. [39].
Finally, in ref. [13], the two-loop O(Leα2) t-channel photon form-factor relevant for the
LABH process (keeping in mind |t|/s suppression) continued analytically from the known s-
channel result of ref. [40] was added, thus accounting for the complete O(Leα2) photonic cor-
rection, known but not included in the MC BHLUMI v4.04. Once the above well-known photonic
O(Leα2) part is added in the future upgrade of the EEX matrix element in BHLUMI, the corre-
sponding item will disappear from the list of the projected FCC-ee luminometry uncertainties
in Table. 3.
In view of the above discussion, it is clear that the major effort of calculating the complete
O(α2) QED correction to low and wide-angle Bhabha processes in refs. [33, 34, 41, 42], see
also [43–46], is of rather limited practical importance for the LABH luminometry at FCC-ee5.
All these works essentially add previously unknown O(L0eα2) corrections, which are of order
∼ 10−5. Their size should be checked6 using auxiliary programs outside the BHLUMI Monte
Carlo, in order to be listed among QED uncertainties in the uncertainty budget as in our Table. 3.
In any case, we expect corrections of this class to stay well below 10−4, and most likely there
will be no need to add the complete O(L0eα2) corrections to the matrix element of any MC for
the LABH process.
Another important photonic correction listed as item (b) in Table 1 as an uncertainty of
BHLUMI is the O(α3L3e) correction (third order LO). It is already known from Ref. [6, 47] and
is currently omitted from v. 4.04 of BHLUMI, although already included in the LUMLOG part
of BHLUMI. Given its already known size, we would need to implement this third order leading-
order result into the EEX matrix element of BHLUMI, and it will disappear from the uncertainty
list. Once it is done, the uncertainty due to O(α4L4e) and O(α3L2e) should be estimated and
included in the list of photonic uncertainties of BHLUMI with the upgraded EEX matrix element.
We can use the scaling rules indicated in the previous discussion to estimate an error due to
missingO(α4L4e) as 0.015%×γ= 0.6×10−5 near the Z peak. The scale of the missingO(α3L2e)
is also of a similar order, γ2α/pi' 10−5, and its actual estimate is currently highly uncertain.
The so called up-down interference between photon emission from e+ and e− lines was
calculated in ref. [28] at O(α1) to be roughly δσ/σ ' 0.07 |t|/s. At LEP1 its contribution is
negligible, see Table 2, but at the FCC-ee luminometer it will be the factor of 10 larger and has
to be included in the matrix element of the upgraded BHLUMI. Once it is done, its uncertainty
should be again negligible, as indicated in Table 3, where we used 2γ× 0.07 |t|/s as a crude
estimator of its future uncertainty.
4.2 EEX versus CEEX matrix element
BHLUMI multi-photon distributions obey a clear separation into exact Lorentz invariant phase
space and squared matrix element. The matrix element is an independent part of the pro-
5They are more relevant for the wide-angle Bhabha, provided they are included in the MC with soft-photon
resummation. However, this is rather problematic, because in all these works soft-real-photon contributions are
added to loop corrections a la Bloch–Nordsieck, instead of subtracting the well-known virtual form-factor from
virtual loop results already at the amplitude level, before squaring them.
6This kind of correction is often enhanced by pi2 factors.
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gram and is currently built according to exclusive exponentiation (EEX) based on the Yennie–
Frautshi–Suura [48] (YFS) soft photon factorization and resummation performed on the spin-
summed squared amplitude. It includes complete O(α1) and O(L2eα2) corrections, neglecting
interference terms between electron and positron lines, suppressed by a |t|/s factor.
Let us underline that the above EEX-style matrix element in BHLUMI has not been changed
in the upgrades since version 2.01 [2]. As already said, we may continue this practice and
introduce the results from Refs. [4, 6, 13, 47] into the EEX matrix element, that is O(α2Le) and
O(α3L3e), neglecting again some ∼ |t|/s terms.
On the other hand, using the same underlying multi-photon phase space MC generator of
BHLUMI and exploiting the results from Refs. [4, 6, 13, 47], one could implement a more so-
phisticated matrix element of the CEEX [49] type, where CEEX stands for coherent exclusive
exponentiation. In the CEEX resummation methodology, soft photon factors are factorized at
the amplitude level and the matching with fixed order results is also done at the amplitude level
(before squaring and spin-summing). The big advantage of CEEX over EEX is that the sepa-
ration of the infrared (IR) parts and matching with the fixed-order result are much simpler and
more transparent when done at the amplitude level – all IR cancellations for complicated in-
terferences are managed automatically and numerically. The inclusion of the s-channel Z and
photon exchange and t-channel Z exchange including O(α) corrections, soft photon interfer-
ence between electron and positron lines, and all that would be much easier to take into account
for CEEX than in the case of EEX. However, the inclusion of O(α3L3e) in CEEX will have to
be worked out and implemented.
Summarizing, the CEEX version would allow a more systematic further development of the
program as we move forward with the FCC-ee project. From this perspective, the CEEX version
is preferable, although the improvement of the EEX matrix element should be also pursued. See
some additional discussion in Sect. 5.
4.3 Error on hadronic vacuum-polarization contribution
The uncertainty of the low-angle Bhabha cross section due to imprecise knowledge of the QED
running coupling constant of the t-channel photon exchange is simply δV Pσσ = 2
δαe f f (t¯)
αe f f (t¯)
, where t¯
is the average transfer of the t-channel photon. For the FCC-ee luminometer, it will be |t¯|1/2 '
3.5GeV near the Z peak and |t¯|1/2 ' 13GeV at 350GeV.
The uncertainty of αeff(t) is mainly due to the use of the experimental cross section σhad
for e−e+ → hadrons below 10GeV as an input to the (subtracted) dispersion relations. A
comprehensive review of the corresponding methodology and the latest update of the results
can be found in refs. [50, 51], see also the FCC-ee workshop presentation [26].
In the above works, the hadronic contribution to αeff from the dispersion relation is en-
capsulated in ∆α(5)(−s0), where 2GeV≤ s1/20 ≤ 10GeV in order to minimize the dependence
on σhad(s), such that the main contribution comes from s1/2 ≤ 2GeV. Moreover, prospects of
improving experimental data on σhad(s) in this energy range are very good also, because the
main contribution to the error in the measurement of the muon g−2 comes from the same cross
section range [50].
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The above works are focusing on the parameter range 2GeV≤ s1/20 ≤ 10GeV, which is
accidentally of paramount interest for the FCC-ee luminometry, are part of a wider strategy in
refs. [50, 51] of obtaining αeff(M2Z) in two steps, where ∆α(5)(−s0) is obtained from dispersion
relations and the difference ∆α(5)(M2Z)−∆α(5)(−s0) is calculated using the perturbative QCD
technique of the Adler function [52]. The error of the above difference due to limited knowledge
of αs, the c and b quark masses and higher-order perturbative QCD effects is small enough, such
that the overall uncertainty of αeff(M2Z) is smaller than that from the direct use of the dispersion
relation.
Taking s1/20 = 2.0GeV and the value ∆α
(5)(−s0) = (64.09±0.63)×10−4, of ref. [27] as a
benchmark, in Table 2 we quote (δVPσ)/σ= 1.3×10−4. Thanks to anticipated improvements
of data for σhad(s), s1/2 ≤ 2.5GeV, one may expect the factor of 2 improvement by the time of
the FCC-ee experiments, that is δVPσ/σ= 0.65×10−4 near the Z peak, see Table 3.
At the high-energy end of FCC-ee, 350GeV, due to the increase of the average transfer
|t¯| = 12.5GeV, one obtains presently from the dispersion relation δαeff/αeff = 1.190× 10−4
and δVPσ/σ ' 2.4×10−4, and again with the possible improvement of the factor of 2, so that
the FCC-ee expectation7 is (δV Pσ)/σ' 1.2×10−4.
There are also alternative proposals for the measurement of αeff(t) not relying (or relying
less) on dispersion relations; see refs. [53, 54]. Ref. [53] proposed a method for the direct
measurement of αeff(M2Z) using charge asymmetry in e−e+ → µ−µ+ near the Z resonance.
One may ask whether its precise value can also be used to predict very precisely αeff(t) in
the FCC-ee luminometer range 2GeV≤ |t|1/2 ≤ 10GeV? It turns out that the uncertainty due
to the use of pQCD [26] in the transition from the MZ scale down to below 10GeV is about
the same as in the traditional methods. However, a direct measurement of αeff(M2Z) may serve
as an important crosscheck. The other proposal, in ref. [54], of the direct measurement of
αeff(t), t ∼−1GeV2, from the elastic scattering of energetic muons on atomic electrons sounds
interesting, but requires more studies.
4.4 The uncertainty due to light fermion pairs
Three groups of calculations are available for the light-fermion-pair effect in the low angle
Bhabha process: [9, 10], [18, 19] and [55–59].
The biggest correction, due to additional electron pair production, was calculated in Ref. [18],
where process e+e−→ e+e−e+e− calculated with the help of the ALPHA algorithm [60] was
combined with virtual/soft corrections of Refs. [61–63], resulting in the theoretical error on pair
correction to be 0.01%. 8 This value is quoted in Table 2 as the present state of the art for the
uncertainty of corrections due to light fermion pair production.
In Refs. [56,57] e+e− pair corrections were calculated in a semi-analytic way at NLO accu-
racy, omitting non-logarithmic corrections and taking virtual corrections from [61, 62]. The
third order LO correction due to simultaneous emission of the additional e+e− pair (Non-
Singlet and Singlet) and additional photon were also evaluated. The overall precision of the
7We thank F. Jegerlehner for elucidating private communications on the above predictions.
8The emission of a µ-pair is also discussed in Ref. [18]
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Bhabha scattering formula of Refs. [56, 57] was estimated there to be 0.006%, mainly due to
omission of the heavier lepton pairs (µ+µ−, τ+τ−) and quark pairs (0.005%). One can assume
conservatively the same 0.006% as the total error on additional pair correction.
In the Ref. [9] the complete LO semi-analytic calculations based on the electron structure
functions were presented up to the third order for the Non-Singlet9 and Singlet structure func-
tions. Contrary to Ref. [56], results are provided also for the asymmetric acceptances.
The approach of [10] was based on the extension of the YFS [48] scheme of the soft photon
resummation to the case of soft e+e− pair emission, with relevant real and virtual soft ingre-
dients calculated in [64] (omitting up-down interference, multi-peripheral graphs etc.). The
calculation is implemented in the unpublished BHLUMI v. 2.30 MC code. The accuracy of
results was estimated to be 0.02% for the asymmetric angular acceptance, i.e. 3.3◦− 6.3◦ and
2.7◦− 7.0◦, with the energy cut 1− s′/s < zcut = 0.5. Ref. [18] has concluded that this preci-
sion is even better, 6×10−5for zcut ≤ 0.5, while for hard emission, zcut > 0.5, with significant
multi-peripheral component, the precision deteriorates to 0.01%.
What should be done in order to consolidate the above, mostly LEP era, calculations of the
fermion pair contribution and to reach even better precision level needed for FCC-ee?
As in ref. [18], for the additional real e+e− pair radiation the complete matrix element
should be used, because non-bremsstrahlung-type graphs can contribute as much as 0.01% for
the cut-off zcut ∼ 0.7. There is a number MC generators for the e+e−→ 4 f process, developed
for the LEP2 physics to be exploited for that purpose10.
In order to improve on 0.005% uncertainty of Ref. [56], due to the emission of the µ+µ−,
τ+τ−, and quark pairs, one may use LO calculation of ref. [9], incorporating lepton pair con-
tributions by means of the modification of the running coupling. A naive rescaling of the
electron logarithm (due to the mass of the muon) gives ln |t|m2e = 17.5 and ln
|t|
m2µ
= 6.9 i.e. for
muon pairs we find a suppression factor of ln2 |t|m2µ/ ln
2 |t|
m2e
= 0.42 = 0.16 relative to the elec-
tron pair. Rescaling additional e+e− pair contribution of 0.05% one obtains an estimate of
the muon pair contribution of 0.008%. 11. For the tau lepton logarithm ln |t|
m2τ
= 1.2 we ob-
tain ln2 |t|
m2τ
/ ln2 |t|m2e = 0.07
2 = 0.005 suppression factor relative to the electron pair, hence this
contribution can be neglected. Adding µ+µ− pairs to the BHLUMI v. 2.30 code of Ref. [64]
would be straightforward. Also in the approach of ref. [18, 19] this should be possible12.
The contribution of light quark pairs (pi pairs etc.) can be roughly estimated using quantity
Rhad = σhad/σµ ' 3 for the effective hadronic production threshold of the order of 1 GeV.
One obtains Rhad ln2
|t|
0.52GeV 2/ ln
2 |t|
m2µ
= 0.9, i.e. this contribution is of the size of the muon pair
9This is contrary to the incorrect statement in Ref. [56]. Third order NS e+e−γ corrections are realized in
Ref. [9] by second order structure function with the running coupling.
10One needs to be sure that the collinear configurations of outgoing four electrons are covered, for example
like it is done in KoralW [65] which in addition, in its latest version 1.53 [66], accounts for photonic radiation to
t-channel exchanges as well.
11This is less optimistic than the estimate in Ref. [56].
12The other option is to use the above described general purpose LEP2 4 f codes, including also the discussed
earlier corresponding virtual corrections.
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contribution, that is of the order of 0.008%. 13.
The third group of corrections are the higher order terms. The emission of two (or more)
electron pairs is suppressed by another factor (αpi ln
|t|
m2e
)2∼ 10−3 and is negligible. The additional
e+e−+nγ correction is non-negligible. Its evaluation was based either on LO structure functions
( [56] (Table 1), [18] (Fig. 8), [9]) or on the YFS [48] soft approximation [10] (Fig. 4), resulting
in quite different results and their comparison is rather inconclusive. They are at most of the
order of 0.5 to 0.75 of the additional e+e− correction (without γ). The remaining non-leading,
non-soft additional e+e−+nγ corrections are suppressed by another 1/ ln |t|m2e ∼ 0.06 and should
be negligible (∼ 0.003%). It would be also possible to calculate the additional e+e−+ γ real
emission in a way similar to the existing code for LEP2 physics, [67]
The above improvements can be implemented either directly in the upgraded BHLUMI or
using a separate calculation, such as BHLUMI 2.30 [10] code, or external MC programs like
these of Refs. [18, 19]. To summarize, the proposed future error budget is the following: (1)
The contribution of light quark pairs must be calculated with the accuracy of 25%, i.e. 0.0027%.
(2) The contribution of the muon pairs will be known to 10%, i.e. to 0.0008%. (3) The non-
leading, non-soft additional e+e−+nγ corrections will be treated as an error of 0.003%. Adding
(1)–(3) in quadrature we obtain 0.004%. Applying safety factor of 1.25 we end up with 0.005%
possible pair production uncertainty forecast for the FCC-ee, quoted in Table 3.
4.5 Z exchange and s-channel photon exchange
In the Bhabha scattering process, in addition to γ exchange in the t channel γt , there are also
contributions from γ exchange in the s channel γs and Z exchange in both t and s channels, Zt and
Zs. In fact, they all should be added at the amplitude level (Feynman diagram) and then squared
to obtain the differential cross section for the Bhabha process, giving rise to several interference
contributions. Numerically the most important for the low angle Bhabha (LABH) luminometry,
apart from the pure t-channel γ exchange, γt ⊗ γt , are interferences of other contributions with
the γt amplitude, due to the enhancement factor ∼ s/|t|. Among these, near the Z peak, the
most sizable is the interference γt ⊗Zs, because of the resonant enhancement. In the context of
LEP luminometry it was studied in detail in ref. [11] for two types of detectors: SICAL with
an angular coverage of ∼ 1.5◦–3◦ and LCAL with an angular coverage of ∼ 3◦–6◦. Based on
this work, the γt⊗Zs contribution was implemented in BHLUMI 4.02 and its theoretical precision
for the LEP luminosity measurement was assessed. We are going to exploit these results and
estimate theoretical errors of all other contributions beyond the dominant γt ⊗ γt . Since the
angular coverage of the planned FCC-ee luminometer [29] is close to the LCAL one, we shall
use the results of ref. [11] obtained for this type of the detector.
The Born-level γt ⊗Zs contribution is up to ∼ 1% and changes from being positive below
the Z peak to negative above, reaching the maximal absolute value at about ±1GeV from the
peak. Radiative corrections, dominated by QED, are sizable, up to ∼ 0.5% (up to ∼ 50%
of the Born-level contribution) and change in the opposite way, i.e. from negative to positive
13This is less optimistic than the estimate in Ref. [56]. Adding in quadrature errors due to muon and light quark
pairs one obtains 0.011% rather than 0.006% of Ref. [56]. 0.011% is consistent with the estimate of Ref. [18].
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values when going from below to above the Z peak. BHLUMI includes the QED corrections and
running-coupling effects for this contribution within the O(α) YFS exclusive exponentiation.
The theoretical uncertainty for this calculation was estimated at 0.090% for LCAL and is used
as an initial estimate of the theoretical error for the FCC-ee luminometry concerning the γt⊗Zs
contribution in Table 3.
The other contributions will be estimated by means of relating them to the γt⊗Zs or γt⊗ γt ,
using rescaling factors, |t|/s≈ 1.3×10−3 and γ˜Z = ΓZ/MZ ≈ 2.7×10−2.
The next most sizable contribution comes from the interference γt ⊗ γs. At the Born level,
near the Z peak, it is smaller than the γt ⊗Zs contribution by the factor14 ∼ 4 γ˜Z ≈ 0.1. Taking
∼ 1% for the Born-level γt ⊗ Zs, we get ∼ 0.1% for γt ⊗ γs. It is included in BHLUMI, so we
need to estimate the missing radiative corrections. Since this is smooth near the Z peak, the
photonic QED corrections should stay within 10%, for not too tight cuts on radiative photons.
The resulting estimate of the theoretical precision of γt⊗γs contribution in BHLUMI for the FCC-
ee luminometry is ∼ 0.01%.
The resonant pure s-channel Z contribution, Zs⊗ Zs, at the Born level, is multiplied with
respect to the γt⊗Zs term by the factor∼ |t|/s×1/(4 γ˜Z)≈ 1.3×10−2, thus its size is∼ 0.01%.
It is omitted in the current version of BHLUMI, hence it enters into theoretical error as a whole.
However, it can be included rather easily, such that only the missing radiative corrections will
matter. Due to the Z-resonance effect, they can reach even∼ 50% of the Born-level contribution,
hence the corresponding theoretical error would be ∼ 0.005%.
The t-channel interference γt ⊗Zt we estimate multiplying the γt ⊗Zs contribution by the
∼ |t|/s× γ˜Z ≈ 3.5× 10−5 factor. It can be easily implemented in BHLUMI, with the theoretical
error due to the missing photonic corrections being below 10−5.
The pure s-channel γs⊗ γs contribution is much smaller in the Z-peak region than the reso-
nant Z exchange. It is suppressed by the factor ∼ (4 γ˜Z)2 ≈ 0.01 with respect to Zs⊗Zs (which
is worth ∼ 0.01%), so is of the order of 10−6.
Finally, the Zt ⊗ Zt contribution is smaller than the dominant γt ⊗ γt one by the factor ∼
(|t|/s/4)2 < 10−6, thus it is completely negligible.
Adding the above theoretical errors in the quadrature, we obtain the total uncertainty (contri-
butions omitted in BHLUMI) due to the Z exchanges and γs exchange for the FCC-ee luminometer
near the Z peak at the level of 0.090%, quoted as present state of the art in Table 3.
The above uncertainty is completely dominated by the uncertainty of the γt ⊗ Zs contri-
bution which comes from a rather conservative estimate in ref. [11] based on comparisons of
BHLUMI with the MC generator BABAMC [68] and the semi-analytic program ALIBABA [69, 70],
the latter including higher-order leading-log QED effects. Later on, the new MC event gener-
ator BHWIDE [71] was developed for the wide-angle Bhabha scattering including all Born-level
contributions for Bhabha process and O(α) YFS exponentiated EW radiative corrections. The
comparison of BHLUMI with BHWIDE for FCC-ee luminometer would help to reduce all the above
theoretical errors. In principle, the Born-level but also O(α) QED matrix elements of BHWIDE
could be implemented in BHLUMI. This would reduce the theoretical error for the above group
of contributions below 0.01%, as indicated in Table 3. What we can do right now is to examine
14The factor of 4 comes from the ratio of the corresponding coupling constants.
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in a more detail the γt⊗Zs contribution using BHWIDE, in order to get better idea about its future
uncertainty. The main advantage of BHWIDE is that its matrix element includes complete O(α)
corrections to γs, Zs and Zt exchanges, while BHLUMI includes only part of O(α) corrections due
to soft photon resummation.
4.6 Study of Z and s-channel γ exchanges using BHWIDE
ECM [GeV] ∆tot [%] δQEDO(α) [%] δ
QED
h.o. [%] δ
weak
tot [%]
90.1876 +0.642(12) −0.152(59) +0.034(38) −0.005(12)
91.1876 +0.041(11) +0.148(59) −0.035(38) +0.009(12)
92.1876 −0.719(13) +0.348(59) −0.081(38) +0.039(13)
Table 4: Results from BHWIDE for the Z and γs exchanges contribution to the FCC-ee luminosity
with respect to the γt⊗γt process for the calorimetric LCAL-type detector [14] with the symmetric
angular range 64–86mrad; no acoplanarity cut was applied. MC errors are marked in brackets.
We are going to present numerical results obtained with BHWIDE for the calorimetric LCAL-
type detector, as described in ref. [14], for the symmetric angular range 64–86mrad without any
cut on acoplanarity (i.e. the number of azimuthal sectors in LCAL was set to 1). For the Z-boson
mass and width we used the current PDG values: MZ = 91.1786GeV and ΓZ = 2.4952GeV.
The weak corrections, i.e. the non-QED electroweak (EW) ones, were calculated with the help
of the ALIBABA EW library [69, 70]. The results, shown in Table 4, were obtained for three
values of the centre-of-mass (CM) energy: ECM = MZ, MZ ± 1GeV. The last two values were
chosen because for these energies the Z-contribution is (close to) the largest – with the opposite
sign, see e.g. ref. [11].
The numbers shown in the second column of Table 4 represent the total relative contribution
of the Z and γs exchanges, ∆tot = |γt + γs +Zs +Zt |2/|γt |2− 1, as predicted by BHWIDE, that is
for Born + O(α) YFS exponentiated matrix elements, including O(α) EW corrections. As one
can see, this contribution is positive below the Z-peak with the size up to∼ 0.64%, gets close to
zero near the Z-peak and changes the sign above the Z-peak with the size up to∼−0.72%. This
agrees with our rough estimate given in the previous subsection that the Born-level contribution
is up to about 1%.
These effects are in general consistent with the results of ref. [11], although they are slightly
smaller. There are two main reasons for this: (1) the polar angles of the LCAL detector are a bit
smaller here than in ref. [11] and (2) here we used the calorimetric acceptance, while the results
in Tables 1 and 2 of ref. [11] were obtained for the non-calorimetric acceptance.
In the next three columns we present various interesting components of the radiative cor-
rections in ∆tot. The fixed-order (without exponentiation) O(α) QED corrections, shown in the
third column, are sizable – from about −0.15% below MZ to about +0.35% above it, and they
have the opposite sign to the Born-level contribution. This also agrees with our estimate given
above that the QED correction can reach up to a half of the size of the Born-level effect.
In the fourth column we show the higher-order QED corrections, i.e. the ones beyond the
O(α) QED fixed-order, which result from the YFS exponentiation. They also change their
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sign near the Z-peak, but in the opposite way to the O(α) corrections, and their size is about a
quarter of the latter. Based on the size of these corrections one can estimate the higher-order
QED effects missing in BHWIDE. Since near the Z-peak the dominant are soft-photon corrections
which are treated by the YFS exponentiation very accurately, we may expect that those missing
effects are much smaller than the ones in the fourth column of Table 4. To estimate their size
we can use the factor γ= αpi ln
|t¯|
m2e
= 0.042 of Section 4 and the ‘safety’ factor 2 of ref. [11], and
apply them to the largest h.o. correction in Table 4, i.e. 0.081%× γ×2' 0.007%.
Note that precision of the MC results in Table 4 is limited by the statistical error of order
0.01−0.06%, because MC sample from BHWIDE in the current version of the program is limited
due to the size limit of the Fortran integer numbers. Nevertheless, these results provide useful
estimates on the size of the higher order effects.
In the last column of Table 4 the pure EW corrections, i.e. the EW corrections minus the
QED ones are shown – implemented within the O(α) YFS exponentiation scheme. They are at
the level of about 0.01% below and at MZ , while above MZ they increase up to ∼ 0.04%.
To estimate the size of the missing higher-order weak corrections in BHWIDE, we can apply
the same factor as for the QED corrections to get the value of ∼ 0.003%.
Altogether, we can estimate the physical precision of the Z and γs-exchanges contribution to
FCC-ee luminometry in BHWIDE by adding linearly (to be conservative) the above two numbers
on the missing effects to get∼ 0.01%. Therefore, if the predictions of BHLUMI for the luminosity
measurement at FCC-ee are combined with the ones from BHWIDE for this contribution, then the
error in the line (e) of Table 3 could be reduced to 0.01%. Of course, this result requires more
dedicated numerical tests and cross-checks with independent calculations.
In ref. [72] it was shown that for
√
sMZ all the above contributions are below 0.01% –
they then can be neglected in the FCC-ee luminometry at energies above the Z peak.
The best method to reduce the uncertainty of the above contributions practically to zero
would be to include these Z and γs exchanges within the CEEX matrix element at O(α1) in
BHLUMI. Most likely, it would be enough to add the EW corrections to the LABH process in
the form of effective couplings in the Born amplitudes. On the other hand, the new BHLUMI
with such a CEEX matrix element would serve as a starting point for a much better wide-
angle Bhabha MC generator, similarly as BHLUMI v. 4.04 has served as a starting point for
BHWIDE [71].
5 Technical precision
The question of the technical precision is quite nontrivial and difficult. The evaluation of the
technical precision of BHLUMI v.4.04 with YFS soft-photon resummation and complete O(α1)
relies on two pillars: the comparison with semi-analytic calculations done in ref. [47] and com-
parisons with two hybrid MC programs LUMLOG+OLDBIS and SABSPV, reported in ref. [30]. This
precision was established to be 0.027% (together with missing photonic corrections). Note that
this was not an ideal solution, because the above two hybrid MCs did not feature complete soft
photon resummation and disagreed with BHLUMI by more than 0.17% for sharp cut-offs on the
total photon energy.
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In fact, after the LEP era, another MC program BabaYaga [23–25], with soft-photon re-
summation has been developed using a parton shower (PS) technique, and in principle could be
used for better validation of the technical precision of both BHLUMI and BabaYaga. In fact, such
a comparison with BHWIDE MC [71] was done for s1/2 ≤ 10GeV and the 0.1% agreement was
found. It is quite likely that such an agreement persists near s1/2 = MZ .
Let us note in passing that the inclusion of the complete O(α1) into BabaYaga was done
before three technologies of matching fixed-order NLO calculations with a parton shower (PS)
algorithm were unambiguously established: MC@NLO [73], POWHEG [74] and KrkNLO [75]. The
algorithm of NLO matching in BabaYaga is quite similar to that of KrkNLO15
Ideally, in the future validation of the upgraded BHLUMI, in order to get its technical precision
at the level 10−5 for the total cross section and 10−4 for single differential distributions, one
would need to compare it with another MC program developed independently, which properly
implements the soft-photon resummation, LO corrections up to O(α3L3e), and the second-order
corrections with the complete O(α2Le).
In principle, an extension of a program like BabaYaga to the level of NNLO for the hard pro-
cess, keeping the correct soft-photon resummation, would be the best partner for the upgraded
BHLUMI to establish the technical precision of both programs at the 10−5 precision level16. In
the meantime, the comparison between the upgraded BHLUMI with EEX and CEEX matrix ele-
ments would also offer a very good test of its technical precision, since the basic multi-photon
phase space integration module of BHLUMI was already well tested in ref. [47] and such a test
can be repeated at an even higher-precision level.
6 Summary
Summarizing, we conclude that an upgraded new version of BHLUMI with the error budget of
0.01% shown in Table 3 is perfectly feasible. With appropriate resources, such a version of
BHLUMI with the O(α2) CEEX matrix element and with the precision tag of 0.01%, needed for
the FCC-ee physics, could be realized. A new study of the Z and s-channel γ exchanges using
BHWIDE MC was instrumental in the above analysis. Keeping in mind that the best experimental
error of luminosity measurement achieved at LEP was 0.034% [17], it would be interesting to
study whether the systematic error of the designed FCC-ee luminosity detector [29] can match
the above anticipated theory precision.
Acknowledgments
We would like to thank F. Jegerlehner for exhaustive discussion on the issues related to the
vacuum polarization and to the Pavia group members, F. Picinnini, C. C. Calame, G. Montagna
and O. Nicrosini, for the explanations concerning the BabaYaga MC program.
15Single MC weight is introducing NLO correction in both methods, but in KrkNLO it sums over real photons,
while in BabaYaga it takes product over them. However, it is the same when truncated to O(α1). We are grateful
to authors of BabaYaga for clarification on this point.
16The upgrade of the BHLUMI distributions will be relatively straightforward because its multi-photon phase
space is exact [76] for any number of photons.
13
References
[1] TLEP Design Study Working Group Collaboration, M. Bicer et al., “First Look at the
Physics Case of TLEP”, JHEP 01 (2014) 164, 1308.6176.
[2] S. Jadach, E. Richter-Was, B. F. L. Ward, and Z. Was, “Monte Carlo program BHLUMI-
2.01 for Bhabha scattering at low angles with Yennie-Frautschi-Suura exponentiation”,
Comput. Phys. Commun. 70 (1992) 305–344.
[3] S. Jadach, W. Placzek, E. Richter-Was, B. F. L. Ward, and Z. Was, “Upgrade of the Monte
Carlo program BHLUMI for Bhabha scattering at low angles to version 4.04”, Comput.
Phys. Commun. 102 (1997) 229–251.
[4] S. Jadach, M. Melles, B. F. L. Ward, and S. A. Yost, “Exact results on O (alpha) corrections
to the single hard bremsstrahlung process in low angle Bhabha scattering in the SLC / LEP
energy regime”, Phys. Lett. B377 (1996) 168–176, hep-ph/9603248.
[5] S. Jadach, M. Melles, B. F. L. Ward, and S. A. Yost, “New results on the precision of the
LEP luminosity”, Acta Phys. Polon. B30 (1999) 1745–1750.
[6] S. Jadach and B. F. L. Ward, “Missing third order leading log corrections in the small
angle Bhabha calculation”, Phys. Lett. B389 (1996) 129–136.
[7] H. Burkhardt and B. Pietrzyk, “Update of the hadronic contribution to the QED vacuum
polarization”, Phys. Lett. B356 (1995) 398–403.
[8] S. Eidelman and F. Jegerlehner, “Hadronic contributions to g-2 of the leptons and to the
effective fine structure constant alpha (M(z)**2)”, Z. Phys. C67 (1995) 585–602, hep-
ph/9502298.
[9] S. Jadach, M. Skrzypek, and B. F. L. Ward, “Analytical results for low angle Bhabha
scattering with pair production”, Phys. Rev. D47 (1993) 3733–3741.
[10] S. Jadach, M. Skrzypek, and B. F. L. Ward, “Soft pairs corrections to low angle Bhabha
scattering: YFS Monte Carlo approach”, Phys. Rev. D55 (1997) 1206–1215.
[11] S. Jadach, W. Placzek, and B. F. L. Ward, “Precision calculation of the gamma - Z inter-
ference effect in the SLC / LEP luminosity process”, Phys. Lett. B353 (1995) 349–361.
[12] A. Arbuzov et al., “The Present theoretical error on the Bhabha scattering cross-section in
the luminometry region at LEP”, Phys. Lett. B383 (1996) 238–242, hep-ph/9605239.
[13] B. F. L. Ward, S. Jadach, M. Melles, and S. A. Yost, “New results on the theoretical preci-
sion of the LEP / SLC luminosity”, Phys. Lett. B450 (1999) 262–266, hep-ph/9811245.
[14] S. Jadach, E. Richter-Was, B. F. L. Ward, and Z. Was, “QED multi - photon corrections to
Bhabha scattering at low angles: Monte Carlo solution”, Phys. Lett.B268 (1991) 253–262.
14
[15] S. Jadach, E. Richter-Was, B. F. L. Ward, and Z. Was, “Higher order radiative corrections
to low angle Bhabha scattering: The YFS Monte Carlo approach”, Phys. Lett. B353 (1995)
362–372, [Erratum: Phys. Lett.B384,488(1996)].
[16] SLD Electroweak Group, DELPHI, ALEPH, SLD, SLD Heavy Flavour Group, OPAL,
LEP Electroweak Working Group, L3 Collaboration, S. Schael et al., “Precision elec-
troweak measurements on the Z resonance”, Phys. Rept. 427 (2006) 257–454, hep-
ex/0509008.
[17] OPAL Collaboration, G. Abbiendi et al., “Precision luminosity for Z0 line shape mea-
surements with a silicon tungsten calorimeter”, Eur. Phys. J. C14 (2000) 373–425, hep-
ex/9910066.
[18] G. Montagna, M. Moretti, O. Nicrosini, A. Pallavicini, and F. Piccinini, “Light pair
correction to Bhabha scattering at small angle”, Nucl. Phys. B547 (1999) 39–59, hep-
ph/9811436.
[19] G. Montagna, M. Moretti, O. Nicrosini, A. Pallavicini, and F. Piccinini, “Light pair cor-
rections to small angle Bhabha scattering in a realistic set up at LEP”, Phys. Lett. B459
(1999) 649–652, hep-ph/9905235.
[20] C. M. Carloni Calame, G. Montagna, O. Nicrosini, and F. Piccinini, “High-precision Lu-
minosity at e+e− Colliders: Theory Status and Challenges”, Acta Phys. Polon.B46 (2015),
no. 11 2227.
[21] S. Jadach, “QED calculations for Bhabha luminometer - summary of LEP and lessons for
the future”, FCAL workshop at IFJ PAN, http://nz42.ifj.edu.pl/ media/user/jadach/.
[22] C. Carloni Calame, “The (theoretical) challenge of precise luminosity measurement”,
FCC-ee Physics Workshop (TLEP9), SNS Pisa.
[23] C. M. Carloni Calame, C. Lunardini, G. Montagna, O. Nicrosini, and F. Piccinini, “Large
angle Bhabha scattering and luminosity at flavor factories”, Nucl. Phys. B584 (2000) 459–
479, hep-ph/0003268.
[24] C. M. Carloni Calame, “An Improved parton shower algorithm in QED”, Phys. Lett. B520
(2001) 16–24, hep-ph/0103117.
[25] G. Balossini, C. M. Carloni Calame, G. Montagna, O. Nicrosini, and F. Piccinini, “Match-
ing perturbative and parton shower corrections to Bhabha process at flavour factories”,
Nucl. Phys. B758 (2006) 227–253, hep-ph/0607181.
[26] F. Jegerlehner, “alphaQED(MZ) and future prospects with low energy e+e collider data ”,
FCC-ee Mini-Workshop, Physics Behind Precision https://indico.cern.ch/event/469561/.
[27] F. Jegerlehner, “Variations on Photon Vacuum Polarization”, 1711.06089.
15
[28] S. Jadach, E. Richter-Was, B. F. L. Ward, and Z. Was, “Analytical O(alpha) distributions
for Bhabha scattering at low angles”, Phys. Lett. B253 (1991) 469–477.
[29] M. Dam, “Lumical for fcc-ee and beam-background impact”, FCC Week,
https://indico.cern.ch/event/656491/.
[30] S. Jadach et al., “Event generators for Bhabha scattering”, in CERN Workshop on LEP2
Physics (followed by 2nd meeting, 15-16 Jun 1995 and 3rd meeting 2-3 Nov 1995) Geneva,
Switzerland, February 2-3, 1995, pp. 229–298, 1996, hep-ph/9602393.
[31] G. Balossini, C. Bignamini, C. M. C. Calame, G. Montagna, O. Nicrosini, and F. Piccinini,
“Photon pair production at flavour factories with per mille accuracy”, Phys. Lett. B663
(2008) 209–213, 0801.3360.
[32] S. Jadach, “MC tools for extracting luminosity spectra”, Seminar at SLAC,
http://nz42.ifj.edu.pl/ media/user/jadach/.
[33] A. A. Penin, “Two-loop photonic corrections to massive Bhabha scattering”, Nucl. Phys.
B734 (2006) 185–202, hep-ph/0508127.
[34] M. Czakon, J. Gluza, and T. Riemann, “On the massive two-loop corrections to Bhabha
scattering”, Acta Phys. Polon. B36 (2005) 3319–3326, hep-ph/0511187.
[35] R. Kleiss and W. J. Stirling, “Spinor Techniques for Calculating p anti-p → W+- / Z0 +
Jets”, Nucl. Phys. B262 (1985) 235–262.
[36] CALKUL Collaboration, F. A. Berends, P. De Causmaecker, R. Gastmans, R. Kleiss,
W. Troost, and T. T. Wu, “Multiple Bremsstrahlung in Gauge Theories at High-energies.
6. The Process e+e−→ e+e−γγ”, Nucl. Phys. B264 (1986) 265–276.
[37] S. Jadach, B. F. L. Ward, and S. A. Yost, “Exact results on e+ e-→ e+ e- 2 gamma at SLC
/ LEP energies”, Phys. Rev. D47 (1993) 2682–2689, hep-ph/9211252.
[38] S. Jadach, B. F. L. Ward, and S. A. Yost, “Comparisons of exact results for the virtual
photon contribution to single hard bremsstrahlung in radiative return for electron-positron
annihilation”, Phys. Rev. D73 (2006) 073001, hep-ph/0602197.
[39] S. Actis, P. Mastrolia, and G. Ossola, “NLO QED Corrections to Hard-Bremsstrahlung
Emission in Bhabha Scattering”, Phys. Lett. B682 (2010) 419–427, 0909.1750.
[40] F. A. Berends, W. L. van Neerven, and G. J. H. Burgers, “Higher Order Radia-
tive Corrections at LEP Energies”, Nucl. Phys. B297 (1988) 429, [Erratum: Nucl.
Phys.B304,921(1988)].
[41] Z. Bern, L. J. Dixon, and A. Ghinculov, “Two loop correction to Bhabha scattering”, Phys.
Rev. D63 (2001) 053007, hep-ph/0010075.
16
[42] R. Bonciani and A. Ferroglia, “Two-loop Bhabha scattering in QED”, Phys. Rev. D72
(2005) 056004, hep-ph/0507047.
[43] S. Actis, M. Czakon, J. Gluza, and T. Riemann, “Two-loop fermionic corrections to mas-
sive Bhabha scattering”, Nucl. Phys. B786 (2007) 26–51, 0704.2400.
[44] S. Actis, M. Czakon, J. Gluza, and T. Riemann, “Virtual Hadronic and Heavy-
Fermion O(alpha**2) Corrections to Bhabha Scattering”, Phys. Rev. D78 (2008) 085019,
0807.4691.
[45] R. Bonciani, A. Ferroglia, and A. A. Penin, “Heavy-flavor contribution to Bhabha scatter-
ing”, Phys. Rev. Lett. 100 (2008) 131601, 0710.4775.
[46] J. H. Kuhn and S. Uccirati, “Two-loop QED hadronic corrections to Bhabha scattering”,
Nucl. Phys. B806 (2009) 300–326, 0807.1284.
[47] S. Jadach and B. F. L. Ward, “Semianalytical third order calculations of the small angle
Bhabha cross-sections”, Acta Phys. Polon. B28 (1997) 1907–1979.
[48] D. R. Yennie, S. C. Frautschi, and H. Suura, “The infrared divergence phenomena and
high-energy processes”, Annals Phys. 13 (1961) 379–452.
[49] S. Jadach, B. Ward, and Z. Wa¸s, “Coherent exclusive exponentiation for precision Monte
Carlo calculations”, Phys. Rev. D63 (2001) 113009, hep-ph/0006359.
[50] F. Jegerlehner, “Precision measurements of sigma(hadronic) for alpha(eff)(E) at ILC en-
ergies and (g-2)(mu)”, Nucl. Phys. Proc. Suppl. 162 (2006) 22–32, [,22(2006)], hep-
ph/0608329.
[51] F. Jegerlehner, “The Anomalous Magnetic Moment of the Muon”, Springer Tracts Mod.
Phys. 274 (2017) pp.1–693.
[52] S. Eidelman, F. Jegerlehner, A. L. Kataev, and O. Veretin, “Testing nonperturbative
strong interaction effects via the Adler function”, Phys. Lett. B454 (1999) 369–380, hep-
ph/9812521.
[53] P. Janot, “Direct measurement of αQED(m2Z) at the FCC-ee”, JHEP 02 (2016) 053, [Erra-
tum: JHEP11,164(2017)], 1512.05544.
[54] G. Abbiendi et al., “Measuring the leading hadronic contribution to the muon g-2 via µe
scattering”, Eur. Phys. J. C77 (2017), no. 3 139, 1609.08987.
[55] A. B. Arbuzov, K. I. Gach, V. Yu. Gonchar, E. A. Kuraev, N. P. Merenkov, and
L. Trentadue, “Small angle Bhabha scattering at LEP-1. Analytical results for wide - nar-
row angular acceptance”, Phys. Lett. B399 (1997) 312–320, hep-ph/9612201.
17
[56] A. B. Arbuzov, V. S. Fadin, E. A. Kuraev, L. N. Lipatov, N. P. Merenkov, and L. Trentadue,
“Small angle electron - positron scattering with a per mille accuracy”, Nucl. Phys. B485
(1997) 457–502, hep-ph/9512344.
[57] A. B. Arbuzov, E. A. Kuraev, N. P. Merenkov, and L. Trentadue, “Pair production in
small angle Bhabha scattering”, J. Exp. Theor. Phys. 81 (1995) 638–646, [Zh. Eksp. Teor.
Fiz.108,1164(1995)], hep-ph/9509405.
[58] A. B. Arbuzov, V. S. Fadin, E. A. Kuraev, L. N. Lipatov, N. P. Merenkov, and L. G.
Trentadue, “Small angle electron - positron scattering”, Phys. Lett. B394 (1997) 218–224,
hep-ph/9606425.
[59] N. P. Merenkov, A. B. Arbuzov, V. S. Fadin, E. A. Kuraev, L. N. Lipatov, and L. Trentadue,
“Analytical calculation of small angle Bhabha cross-section at LEP-1”, Acta Phys. Polon.
B28 (1997) 491–507.
[60] F. Caravaglios and M. Moretti, “An algorithm to compute Born scattering amplitudes
without Feynman graphs”, Phys. Lett. B358 (1995) 332–338, hep-ph/9507237.
[61] R. Barbieri, J. A. Mignaco, and E. Remiddi, “Electron form-factors up to fourth order. 1.”,
Nuovo Cim. A11 (1972) 824–864.
[62] R. Barbieri, J. A. Mignaco, and E. Remiddi, “Electron form factors up to fourth order. 2.”,
Nuovo Cim. A11 (1972) 865–916.
[63] G. J. H. Burgers, “On the Two Loop QED Vertex Correction in the High-energy Limit”,
Phys. Lett. 164B (1985) 167–169.
[64] S. Jadach, M. Skrzypek, and B. F. L. Ward, “Soft pairs real and virtual infrared functions
in QED”, Phys. Rev. D49 (1994) 1178–1182.
[65] S. Jadach, W. Placzek, M. Skrzypek, B. F. L. Ward, and Z. Was, “Monte Carlo program
KoralW 1.42 for all four-fermion final states in e+ e- collisions”, Comput. Phys. Commun.
119 (1999) 272–311, hep-ph/9906277.
[66] S. Jadach, W. Placzek, M. Skrzypek, B. F. L. Ward, and Z. Was, “Electric charge screening
effect in single W production with the KoralW Monte Carlo”, Eur. Phys. J. C27 (2003)
19–32, hep-ph/0209268.
[67] A. Denner, S. Dittmaier, M. Roth, and D. Wackeroth, “RACOONWW1.3: A Monte Carlo
program for four fermion production at e+ e- colliders”, Comput. Phys. Commun. 153
(2003) 462–507, hep-ph/0209330.
[68] F. A. Berends, R. Kleiss, and W. Hollik, “Radiative Corrections to Bhabha Scattering
at High-Energies. 2. Hard Photon Corrections and Monte Carlo Treatment”, Nucl. Phys.
B304 (1988) 712–748.
18
[69] W. Beenakker, F. A. Berends, and S. C. van der Marck, “Large angle Bhabha scattering”,
Nucl. Phys. B349 (1991) 323–368.
[70] W. Beenakker, F. A. Berends, and S. C. van der Marck, “Small angle Bhabha scattering”,
Nucl. Phys. B355 (1991) 281–294.
[71] S. Jadach, W. Placzek, and B. F. L. Ward, “BHWIDE 1.00: O(alpha) YFS exponentiated
Monte Carlo for Bhabha scattering at wide angles for LEP-1 / SLC and LEP-2”, Phys.
Lett. B390 (1997) 298–308, hep-ph/9608412.
[72] M. Battaglia, S. Jadach, and D. Bardin, “Luminosity determination at CLIC”, eConf
C010630 (2001) E3015, E3015.PDF.
[73] S. Frixione and B. R. Webber, “Matching NLO QCD computations and parton shower
simulations”, JHEP 06 (2002) 029, hep-ph/0204244.
[74] P. Nason, “A new method for combining NLO QCD with shower Monte Carlo algo-
rithms”, JHEP 11 (2004) 040, hep-ph/0409146.
[75] S. Jadach, W. Płaczek, S. Sapeta, A. Sio´dmok, and M. Skrzypek, “Matching NLO QCD
with parton shower in Monte Carlo scheme – the KrkNLO method”, JHEP 10 (2015) 052,
1503.06849.
[76] S. Jadach, B. F. L. Ward, and Z. Was, “The precision Monte Carlo event generator KK
for two- fermion final states in e+ e- collisions”, Comput. Phys. Commun. 130 (2000)
260–325, Program source available from http://jadach.web.cern.ch/, hep-ph/9912214.
19
